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1 Discussion

A circle in 3D is represented by a center C, a radius R, and a plane containing the circle, N - (X — C) =0
where N is a unit length normal to the plane. If U and V are also unit length vectors so that U, V,
and N form a right-handed orthonormal coordinate system (the matrix with these vectors as columns is
orthonormal with determinant 1), then the circle is parameterized as

X = C + R(cos(0)U + sin(A) V) =: C + RW(0)

for angles 6 € [0,27). Note that |[X — C| = R, so the X values are all equidistant from C. Moreover,
N (X —C) =0 since U and V are perpendicular to N, so the X lie in the plane.

Let the two circles be Co+ RyW(0) for 6 € [0,27) and Cq + Ry W1 (¢) for ¢ € [0,27). The squared distance
between any two points on the circles is

F,¢) = |Ci—Co+RiW;— RyWol|?
= |D‘2+R3+R%+2R1DW1 —2ROR1W0'W1 —2ROD'W0

where D = C; — Cy. Since F' is doubly periodic and continuously differentiable, its global minimum must
occur when VF = (0,0). The partial derivatives are

F
88—0 = —-2R¢D- Wg — 2R0R1W6 - W,
and
aF / !
% =2R1D - W3 —-2RyR; W, - W3.

Define ¢ = cos(f), sg = sin(#), ¢; = cos(¢), and s1 = sin(¢). Then Wq = ¢gUg+50Vo, W1 = 1 U141V,
W( = —s0Ug + ¢y Vo, and W} = —s1U; + ¢1Vy. Setting the partial derivatives equal to zero leads to
0 = solao+aici +azs1) + co(as + ascy + assy)

0 = s1(bo+bico + basg) + c1(bs + baco + bsso)
where
ap=—-D Uy, a1=—-RUy-Uy, a2=-RUy-Vy, a3=D-Vy, as=R1U;-Vy, a5 =R Vy-Vy,
bp=—-D Uy, b =RyUy-U;y, by=RyU;-Vy, b3=D-V;, by=—-RyUy-Vy, bs=—-RyVy-Vi.
In matrix form we have
Mmoo  Mo1 S0 ag +aijcy +azs1  az +ascy + assy S0 0 0
mio M1 Co bas1 + bscy bis1 +bscy Co —(bos1 + bzcr) A

Let M denote the 2 X 2 matrix on the right-hand side of the equation. Multiplying by the adjoint of M
yields

det (M) s0 | mi1  —Mmo1 0| | —moA )
Co —mig moo A Moo A



Summing the squares of the vector components and using s3 + ¢ = 1 yields

(mooma1 — mo1m10)2 =\? (mgo + mgl) :

The above equation can be reduced to a polynomial of degree 8 whose roots ¢; € [—1, 1] are the candidates
to provide the global minimum of F. Formally computing the determinant and using s? = 1 — ¢? leads to

moomi1 — Mmo1mio = polc1) + sipi(ci)

where po(z) = Z?:o poizt and p1(2) = Zil=o p1:2. The coefficients are

Poo
Po1
Po2
P10
P11

Similarly,

azby — asba,

apby — azbs,

asba — az2by + a1by — aqbs,

apby — asba,

ai1by — asbs + asby — agbs.

mgo +mg; = qo(c1) + s1q1(c1)

where go(z) = Z?:o qoiz* and q1(z) = 23:0 q1:z. The coeflicients are

Finally,

qo00
qo01
q02
q10

q11

a%+a§+a§+a§,
2(agar + azay),
ai — a3 + af — aZ,
2(&00,2 + a3a5),

2(araz + asasp).

A2 = 7“0(01) =+ 817“1(61)

where 1(z) = Z?:o ro;z' and r1(z) = E}:o r1;z. The coefficients are

Combining these yields

T00
To1
702
T10

T11

= b,
= 0,
= b3 -0,
= O’
= 2bgbs.

0= [(p§ —r090) + (1 — )P} — r1q1)] + s1 [2pop1 — Toq1 — T10] = golc1) + s191(c1)



where go(2) = S35, goiz* and g1(2) = 32°_ g1:2". The coefficients are

goo = Pho+Pio — 00700
go1 = 2(poopo1 + Prop11) — Go17To0 — q10711
go2 = D&y + 2poopoz + P — Pio — Go2T00 — qooTo2 — 11711
go3 = 2(po1po2 — P1oP11) — Go1To2 + qro711
gos = DPpo— Pl — qoaroz +qurn
g10 = 2poopio — q10700
g1 = 2(po1p1o + PooP11) — q11700 — Go0T11
g12 = 2(po2p1o + po1P11) — qroTo2 — Go1T11
913 = 2po2p11 — 11702 — o271
We can eliminate the s; term by solving go = —s1¢1 and squaring to obtain

0=g5— (1-ci)gi = h(c1)

where h(z) = Z?:o h;z'. The coefficients are

ho = 9o — Gios

hi = 2(googor — g10911),

ha = gg1+ g0 — 911 + 2(googoz — g10912),

hs = 2(go1go2 + googos + gr0g11 — g11912 — G10913),

ha = goo+ 951 — 932 + 2(901903 + googos + 910912 — g11913),
hs = 2(g02903 + go190a + 911912 + g10913 — 912913),

he = 9o3 + gia — gtz + 2(go2904 + 911913),

hr = 2(go3gos + g12913),

hs = gos+ 9is-

To find the minimum squared distance, compute all the real-valued roots of h(c;) = 0. For each ¢;, compute
s1 = +4/1 — 2 and choose either (or both) of these that satisfy equation (2). For each pair (¢, s1), solve
for (co, s0) in equation (1). The main numerical issue to deal with is how close to zero is det(M). (TO DO:
Show that this case only occurs when circles are parallel and D is normal to both planes?)
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